Abstract. In this article we give an expository account of the holomorphic motion theorem based on work of Mãne-Sad-Sullivan, Bers-Royden, and Chirka. After proving this theorem, we show that tangent vectors to holomorphic motions have |ǫ log ǫ| moduli of continuity and then show how this type of continuity for tangent vectors can be combined with Schwarz's lemma and integration over the holomorphic variable to produce Hölder continuity on the mappings. We also prove, by using holomorphic motions, that Kobayashi's and Teichmüller's metrics on the Teichmüller space of a Riemann surface coincide. Finally, we present an application of holomorphic motions to complex dynamics, that is, we prove the Fatou linearization theorem for parabolic germs by involving holomorphic motions.
Introduction
Suppose C = C ∪ {∞} is the extended complex plane and E ⊂ C is a subset. For any real number r > 0, we let ∆ r be the disk centered at the origin in C with radius r and ∆ be the disk of unit radius. A map h(c, z) : ∆ × E → C is called a holomorphic motion of E parametrized by ∆ and with base point 0 if
(1) h(0, z) = z for all z ∈ E, (2) for every c ∈ ∆, z → h(c, z) is injective on C, and (3) for every z ∈ E, c → h(c, z) is holomorphic for c in ∆ We think of h(c, z) as moving through injective mappings with the parameter c. It starts out at the identity when c is equal to the base point 0 and moves holomorphically as c varies in ∆.
We always assume E contains at least three points, p 1 , p 2 and p 3 . Then since the points h(c, p 1 ), h(c, p 2 ) and h(c, p 3 ) are distinct for each c ∈ ∆, there is a unique Möbius transformation B c that carries these three points to 0, 1, and ∞. Since B c depends holomorphically on c,h(c, z) = h(c, B c (z)) is also a holomorphic motion and it fixes the points 0, 1, ∞. We shall call it a normalized holomorphic motion.
Holomorphic motions were introduced by Màñé, Sad and Sullivan in their study of the structural stability problem for the complex dynamical systems, [26] . They proved the first result in the topic which is called the λ-lemma and which says that any holomorphic motion h(c, z) of E parametrized by ∆ and with base point 0 can be extended uniquely to a holomorphic motion of the closure E of E parametrized by ∆ and with the same base point. Moreover, h(c, z) is continuous on (c, z) and for any fixed c, z → h(c, z) is quasiconformal on the interior of E. Subsequently, holomorphic motions became an important topic with applications to quasiconformal 2000 Mathematics Subject Classification. Primary 37F30, Secondary 30C62. The first and the second authors are supported by PSC-CUNY awards. 1 mapping, Teichmüller theory and complex dynamics. After Màñé, Sad and Sullivan proved the λ-lemma, Sullivan and Thurston [30] proved an important extension result. Namely, they proved that any holomorphic motion of E parametrized by ∆ and with base point 0 can be extended to a holomorphic motion of C, but parametrized by a smaller disk, namely, by ∆ r for some universal number 0 < r < 1. They showed that r is independent E and independent of the motion. By a different method and published in the same journal with the Sullivan-Thurston paper, Bers and Royden [6] proved that r ≥ 1/3 for all motions of all closed sets E parameterized by ∆. They also showed that on C the map z → h(c, z) is quasiconformal with dilatation no larger than (1 + |c|)/(1 − |c|). All of these authors raised the question as to whether r = 1 for any holomorphic motion of any subset of C parametrized by ∆ and with base point 0. In [29] Slodkowski gave a positive answer by using results from the theory of polynomial hulls in several complex variables. Other authors [5] [11] have suggested alternative proofs.
In this article we give an expository account of a recent proof of Slodkowski's theorem presented by Chirka in [8] . (See also Chirka and Rosay [9] .) The method involves an application of Schauder's fixed point theorem [10] to an appropriate operator acting on holomorphic motions of a point and on showing that this operator is compact. The compactness depends on the smoothing property of the Cauchy kernel acting on vector fields tangent to holomorphic motions. The main theorem is the following.
Theorem 1 (The Holomorphic Motion Theorem). Suppose h(c, z) : ∆ × E → C is a holomorphic motion of a closed subset E of C parameterized by the unit disk.
Then there is a holomorphic motion H(c, z) : ∆ × C → C which extends h(c, z) : ∆ × E → C. Moreover, for any fixed c ∈ ∆, h(c, ·) : C → C is a quasiconformal homeomorphism whose quasiconformal dilatation K(h(c, ·)) ≤ 1 + |c| 1 − |c| . To prove this result we study the modulus of continuity of functions in the image of the Cauchy kernel operator. Then we apply the Schauder fixed point theorem to a non-linear operator given by Chirka in [8] .
The Beltrami coefficient of h(c,
After proving this theorem, we show that tangent vectors to holomorphic motions have |ǫ log ǫ| moduli of continuity and then show how this type of continuity for tangent vectors can be combined with Schwarz's lemma and integration over the holomorphic variable to produce Hölder continuity on the mappings.
We also prove that Kobayashi's and Teichmüller's metrics on the Teichmüller space T (R) of a Riemann surface coincide. This method was observed by Earle, Kra and Krushkal [12] . The result had already been proved earlier by Royden [28] for Riemann surfaces of finite analytic type and by Gardiner [16] for surfaces of infinite type.
Finally, we present an application of holomorphic motions to complex dynamics. In particular, we prove the Fatou linearization theorem for parabolic germs. A similar type of argument has recently been used by Jiang in [20, 22, 21] and here we adapt the proof in [20, §3] . We believe that holomorphic motions will provide simplified proofs of many fundamental results in complex dynamics.
The P-Operator and the Modulus of Continuity
Let C = C(C) denote the Banach space of complex valued, bounded, continuous functions φ on C with the supremum norm
We use L ∞ to denote the Banach space of essentially bounded measurable functions φ on C with L ∞ -norm ||φ|| ∞ = ess sup
For the theory of quasiconformal mapping we are more concerned with the action of P on L ∞ . Here the P-operator is defined by
where f ∈ L ∞ and has a compact support in C. Then
Furthermore, if f is continuous and has compact support, one can show that
and by using the notion of generalized derivative [4] equation (1) is still true Lebesgue almost everywhere if we only know that f has compact support and is in L p , p ≥ 1. We first show the classical result that P transforms L ∞ functions with compact support in C to Hölder continuous functions with Hölder exponent 1 − 2/p for every p > 2. See for example [3] . We also show that P carries L ∞ functions with compact supports to functions with an |ǫ log ǫ| modulus of continuity. Lemma 1. Suppose p > 2 and
Proof. The norm
where
Hence A R = max{C 1 , C 2 } satisfies the requirements of the lemma.
Next we prove a stronger form of continuity.
Lemma 2. Suppose the compact support of f ∈ L
∞ is contained in ∆. Then Pf has an |ǫ log ǫ| modulus of continuity. More precisely, there is a constant B depending on R such that
Proof. Since
The substitution
Since |c − c ′ | < 1/2, we have (1 + R)/|c ′ − c| > 2. This implies that
If |ζ ′′ | > 2 then |ζ ′′ − 1| > |ζ ′′ |/2, and so
Thus,
Now we have the following theorem.
Theorem 2. For any f ∈ L ∞ with a compact support in C, Pf has an |ǫ log ǫ| modulus of continuity. More precisely, for any R > 0, there is a constant C > 0 depending on R such that
Proof. Suppose the compact support of f is contained in the disk ∆ R0 . Then g(c) = f (R 0 c) has the compact support which is contained in the unit disk ∆. Since
This implies that
3. Extensions of holomorphic motions for 0 < r < 1.
As an application of the modulus of continuity for the P-operator, we first prove, for any r with 0 < r < 1, that for any holomorphic motion of a set E parameterized by ∆, there is an extension to ∆ r × C. We take the idea of the proof from the recent papers of Chirka [8] and Chirka and Rosay, [9] . Without loss of generality, suppose
is a subset of n + 2 > 3 points in the Riemann sphere C. Let ∆ c be the complement of the unit disk in the Riemann sphere C, U be a neighborhood of ∆ c in C and suppose h(c, z) : U × E → C is a holomorphic motion of E parametrized by U and with base point ∞. Define
We assume the motion is normalized so
Then we have that a) f i (∞) = z i , i = 2, · · · , n; b) for any i = 2, · · · , n, f i (c) is holomorphic on U ; c) for any fixed c ∈ U , f i (c) = f j (c) and f i (c) = 0, 1, and ∞ for 2 ≤ i = j ≤ n. Since ∆ c is compact, f i (c) is a bounded function on ∆ c for every 2 ≤ i ≤ n and so there is a constant C 4 > 0 such that
c and all i with 2 ≤ i ≤ n.
Moreover, there is a number δ > 0 such that
for all i and j with 2 ≤ i = j ≤ n, and for all c ∈ ∆ c .
We extend the functions f i (c) on ∆ c to continuous functions on the Riemann sphere C by defining
We still have
for all i and j with 2 ≤ i = j ≤ n and for all c ∈ C and |f i (c)| ≤ C 4 for all i and j with 2 ≤ i = j ≤ n and for all c ∈ C.
We have that
exists at c = 0 and is a continuous function on ∆. Furthermore, (∂f i /∂c)(c) = 0 for c ∈ ∆ c . Since ∆ is compact, there is a constant C 5 > 0 such that
Lemma 3. The function Φ(c, w) has the following properties: i) only one term in the sum (2) 
Proof. Item i) follows because if a point w is within distance δ/2 of one of the values f i (c) it must be at distance greater than δ/2 from any of the other values f j (c).
Item ii) follows from item i) because there can be only one term in (2) which is nonzero and that term is bounded by the bound on
c , then (∂f i /∂c)(c) = 0, and if w ∈ (∆ R ) c , Φ(c, w) = 0. To prove item iv), we note that there is a constant
Since only one of the terms in the sum (2) for Φ(c, w) is nonzero and possibly a different term is non-zero in the sum for Φ(c, w ′ ), we obtain
Thus L = 2C 5 C 6 is a Lipschitz constant independent of c ∈Ĉ.
is an L ∞ function with a compact support in ∆ for any f ∈ C, we can define an operator Q mapping functions in C to functions in L ∞ with compact support by
Since Φ(c, w) is Lipschitz in the w variable with a Lipschitz constant L independent of c ∈ C, we have
for any f ∈ L ∞ whose compact support is contained in ∆, and so the composition K = P • Q, where
is a continuous operator from C into itself.
Lemma 4.
There is a constant D > 0 such that
Proof. Since Φ(c, w) = 0 for c ∈ ∆ c and since Φ(c, w) is bounded by C 5 , we have that
Lemma 5. Suppose p > 2 and q is the dual number between 1 and 2 satisfying 1 p
Then for any f ∈ C, Kf is α-Hölder continuous for
Proof. From Lemma 1,
The above two lemmas imply that K : C → C is a continuous compact operator. Now for any z ∈ C, let
It is a bounded convex subset in C. The continuous compact operator z + K maps B z into itself. From the Schauder fixed point theorem [10] , z + K has a fixed point in B z . That is, there is a f z ∈ B z such that
Since Qf (c) has a compact support in ∆ for any f ∈ C, Kf z (c) → 0 as c → ∞. So f z can be extended continuously to ∞ such that f z (∞) = z.
Lemma 6. The solution f z (c) is the unique fixed point of the operator z + K.
Proof. Suppose f z (c) and g z (c) are two solutions. Take
Since Φ(c, w) is Lipschitz in w-variable with a Lipschitz constant L,
Assuming that φ(c) is not equal to zero, define
and otherwise, define ψ(c) to be equal to zero. Then ψ(c) is a function in L ∞ with a compact support in ∆. So we have Pψ in C such that
.
This means that e Pψ · φ is holomorphic on the complex plane C. When c −→ ∞, Pψ −→ 0 and φ(c) −→ 0. This implies that e Pψ · φ is bounded on C. So e Pψ · φ is a constant function. But φ(∞) = 0, so e Pψ · φ ≡ 0. Thus φ(c) ≡ 0 and f z (c) = g z (c) for all c ∈ C.
where ζ = ξ + iη. From the definition of Φ(c, w), we have that
and
Therefore it is a constant function. We get that
Thus from Lemma 6, 
which is an extension of h(c, z) : ∆ c × E → C.
Lemma 7. The map
is a holomorphic motion.
Thus, for any fixed z ∈ C, H(c, z) : ∆ c → C is holomorphic.
For any two z = z ′ ∈ C, we claim that H(c, z) = H(c, z ′ ) for all c ∈ C. This implies that for any fixed c ∈ ∆ c , H(c, z) is an injective map on z ∈ C and that H(c, z) is a holomorphic motion. To prove the claim take any two z, z
′ , because by assumption the holomorphic motion starts out at the identity.
and we can repeat the same argument we have given in Lemma 6.
This implies that ∂φ ∂c (c) = 0
If φ(c) = 0, define
otherwise, define ψ(c) = 0. Then
Proof of Theorem 3.
Suppose
r (c), z) : U r × E → C is a holomorphic motion. From Lemmas 6 and 7, it can be extended to a holomorphic motionH
is a holomorphic motion which is an extension of h(c, z) on ∆ r × E.
Controlling quasiconformal dilatation
To control the quasiconformal dilatation of a holomorphic motion there are two methods available. One is given by the Bers-Royden paper [6] and the other is obtained by combining methods given in the Bers-Royden paper and in the SullivanThurston paper [30] . We discuss the latter method first.
Consider a set of four points S = {z 1 , z 2 , z 3 , z 4 } in C. These points are distinct if an only if the cross ratio
is not equal to 0, 1, or ∞. If one of these points is equal to ∞, say z 4 , then this cross ratio becomes a ratio
Suppose H : C → C is an orientation-preserving homeomorphism such that H(∞) = ∞. Then one of the definitions of quasiconformality [24] of H is that
In [30] Sullivan and Thurston used this definition to prove the following theorem. Proof. Let a ∈ C be any point. Let z 3 = a. Let z 1 and z 2 be two distinct points in C not equal to a and z 4 = ∞. Then the cross ratio
Since H(c, z) is a holomorphic motion, Cr(S(c)) : ∆ → C \ {0, 1} is a holomorphic function. Then it decreases the hyperbolic distances from ρ ∆ to ρ 0,1 . So
This implies that there is a constant
So we have that
Suppose L ∞ (W ) is the Banach space of all essentially bounded measurable functions on W equipped with · ∞ -norm. Bers and Royden [6] proved the following theorem.
Theorem 5. Suppose h(c, z) : ∆×E →Ĉ is a holomorphic motion of E parametrized by ∆ and with base point 0 and E has nonempty interior W , then the Beltrami co-
Proof. Since the dual of the Banach space L 1 (W ) of integrable functions on W is L ∞ (W ), to prove µ(c, ·) is a holomorphic map, it suffices to show that the function
is holomorphic in ∆ for every α(z) ∈ L 1 (W ). Furthermore, it suffices to check this for every α(z) ∈ L 1 (W ) with a compact support in W .
For any fixed z = 0, 1, ∞ and λ small,
is a holomorphic function of c ∈ ∆. So it decreases the hyperbolic distances on ∆ and on C \ {0, 1, ∞}. Since ̺(0) = i, there is a number 0 < r < 1 such that for
By the Dominated Convergence Theorem, for |c| < r, the sequence of holomorphic functions
dxdy converges uniformly to Ψ(c) as n → ∞. Thus Ψ(c) is holomorphic for |c| < r and this implies that
is holomorphic. Now consider arbitrary c 0 ∈ ∆. Let s = 1 − |c 0 | and let
Then W 0 is the interior of E 0 since h(c, z) is a quasiconformal homeomorphism. Also g : ∆ × E 0 → C is a holomorphic motion. So the Beltrami coefficient of g is a holomorphic function on {τ | |τ | < r}. Hence the Beltrami coefficient of h is a holomorphic function on {c||c − c 0 | < sr}. This concludes the proof. 
Proof. Suppose E is a subset of C. Suppose h(c, z) : ∆ × E → C is a holomorphic motion. Let E 1 , E 2 ... be a sequence of nested subsets consisting of finite number of points in E. Suppose
From Theorem 3, for any 0 < r < 1 and i ≥ 1, there is a holomorphic motion 
Let ζ be a point in E. Replacing E i by E i ∪ {ζ} and repeating the previous construction we obtain a (1 + |c|/r)/(1 − |c|/r)-quasiconformal homeomorphismH r which coincides with h(c, z) on ∪E i k ∪ {ζ}. But z → H r (c, z) and z →H r (c, z) are continuous everywhere and coincide on ∪E i k , hence on E. So H r (c, ζ) =H r (c, ζ) = h(c, ζ) for any ζ ∈ E. Now for any z = 0, 1, ∞, since H i (c, z) : ∆ → C are holomorphic and omit three points 0, 1, ∞. So the functions c → H i (c, z) form a normal family. Any convergent subsequence H i k (c, z) still has a holomorphic limit H r (c, z), thus H r (c, z) : ∆ r × C → C is a holomorphic motion which extends h(c, z) on ∆ r × C. Now we are ready to take the limit as r → 1. For each 0 < r < 1, let H r (c, z) : ∆ r × C → C be a holomorphic motion such that H r = h on ∆ r × E. From Theorem 6, H r (c, ·) is (1 + |c|/r)/(1 − |c|/r)-quasiconformal for every c with |c| ≤ r.
Take a sequence
of points in C such that Z = C, and assume 0, 1, and ∞ are not elements of Z. For each i = 1, 2, · · · , H r (c, z i ) : ∆ r → C is holomorphic and omits 0, 1, ∞. Thus {H r (c, z i ), c ∈ ∆ r } 0<r<1 forms a normal family. We have a subsequence r n → 1 such that H rn (c, z i ) tends to a holomorphic functionH(c, z i ) defined on ∆ uniformly on the spherical metric for all i = 1, 2, · · · . For a fixed c ∈ ∆, H rn (c, ·) are (1 + |c|/r n )/(1 − |c|/r n )-quasiconformal for all r n > |c|. So {H rn (c, ·)} rn>|c| is a normal family. Since H rn (c, ·) fixes 0, 1, ∞, there is a subsequence of {H rn (c, ·)}, which we still denote by {H rn (c, ·)}, that converges uniformly in the spherical metric to a (1 + |c|)/(1 −
For any z ∈ Z such that its spherical distances to 0, 1, ∞ are greater than ǫ > 0, the map H(c, z) is a holomorphic map on ∆, which omits the values 0, 1, and ∞. So H(c, z) decreases the hyperbolic distance ρ ∆ on ∆ and the hyperbolic distance ρ 0,1 on C \ {0, 1, ∞}. So we have a constant B > 0 depending only on r and ǫ such that
for all |c|, |c ′ | ≤ r and all z ∈ Z such that spherical distances between them and 0, 1, and ∞ are greater than ǫ > 0. Thus we get that
for |c|, |c ′ | ≤ r and z, z ′ ∈ Z such that their spherical distances from 0, 1, and ∞ are greater than ǫ > 0. This implies that H(c, z) is uniformly equicontinuous on |c| ≤ r and {z ∈ Z | d(z, {0, 1, ∞}) ≥ ǫ}. Therefore, its continuous extension H(c, z) is holomorphic in c with |c| ≤ r for any {z ∈ C | d(z, {0, 1, ∞} ≥ ǫ}. Letting r → 1 and ǫ → 0, we get that H(c, z) is holomorphic in c ∈ ∆ for any z ∈ C. Thus H(c, z) : ∆ × C → C is a holomorphic motion such that H(c, z)|∆ × E = h(c, z). We completed the proof.
The |ǫ log ǫ| continuity of a holomorphic motion
In this section we show how the |ǫ log ǫ| modulus of continuity for the tangent vector to a holomorphic motion can be derived directly from Schwarz's lemma. Then we go on to show how the Hölder continuity of the mapping z → w(z) = h(c, z) with Hölder exponent 1−|c| 1+|c| follows from the |ǫ log ǫ| continuity of the tangent vectors to the curve c → h(c, z). In particular, since any K-quasiconformal map z → f (z) coincides with z → h(c, z) where K ≤ Proof. Since h(c, z) is normalized, h(c, 0) = 0 and h(c, 1) = 1 for every c ∈ ∆, and therefore V (0) = 0 and V (1) = 0. Since h(c, ∞) = ∞ for every c ∈ ∆ if we introduce the coordinate w = 1/z and consider the motion h 1 (c, w) = 1/h(c, 1/w), we see that h 1 (c, 0) = 0 for every c ∈ ∆. Put p(c) = h(c, z) and if we think of z as a local coordinate for the Riemann sphere,
and in terms of the local coordinate w = 1/z,
Since g(z) = 1/z, g ′ (z) = −(1/z) 2 and since
and V w (w(p(c)) is a continuous function of c, the equation
Let ρ 0,1 (z) be the infinitesimal form for the hyperbolic metric on C \ {0, 1, ∞} and let ρ ∆ (z) = 2/(1 − |z| 2 ) be the infinitesimal form for the hyperbolic metric on ∆. For any four distinct points a, b, c and d, the cross ratio
is a holomorphic function of c ∈ ∆, and omitting the values 0, 1 and ∞. Then by Schwarz's lemma,
As b → ∞ the denominator grows like b 2 but the numerator is o(b 2 ).
Theorem 8. For any vector field V tangent to a normalized holomorphic motion and defined by (4)
, there exists a number C depending on R such that for any two complex numbers z 1 and z 2 with |z 1 | < R and |z 2 | < R and |z 1 − z 2 | < δ,
Proof. By applying Lemma 9, inequality (6) and equation (7) to
and so
Applying (6) and (7) again with a = 0, b = 1, c = ∞, d = z 2 , we obtain
and this together with (8) implies
To finish the proof we need the following lemma, a form of which appeared in [25, page 40] . We adapted similar ideas to prove the following version, which is sufficient for the proof of Theorem 8.
, where r is chosen so that
(Note that numerical calculation suggests that 4 + log 4 is the larger of these two numbers.)
Proof. From Agard's formula [1] (note that ρ 0,1 has the curvature −1),
Since the smallest value of ρ 0,1 (z) on the circle |z| = 1 occurs at z = −1, we see that 1 log r ≤ min
The infinitesimal form of the Poincaré metric ρ r = ρ ∆ * r with curvature constantly equal to −1 for the punctured disk ∆ * r = {z ∈ C | 0 < |z| < r} is (11) ρ r (z) = 1 |z| log r + log
Note that ρ r (z) takes the constant value 1 log r along |z| = 1. Then (12) ρ(z) ≤ ρ 0,1 (z) for all z with |z| = 1.
Our next objective is to show that the same inequality
holds for all z with |z| < δ when δ is sufficiently small. In [2, pages 17 and 18] Ahlfors shows that
for |z| ≤ 1 and |z| ≤ |z − 1|, where ζ maps the complement of [1, +∞] conformally onto the unit disk, origins corresponding to each other and symmetry with respect to the real axis being preserved. ζ satisfies
with Re √ 1 − z > 0, and
We now show that there is δ > 0 such that if |z| < δ, then
From (15) this is equivalent to showing that
which is equivalent to (18)
From (17) log 1 |ζ| − log 4 log 1 |z| approaches 1 as z → 0 and the expression in the curly brackets on the right hand side of (18) approaches zero. Thus, in order to prove (13) , it suffices to observe that 4 + log 4 < log r, which is part of what we assumed. We have so far established that ρ 0,1 (z) ≥ ρ R (z) on the unit circle and on any circle |z| = δ for sufficiently small δ. To complete the proof of the lemma we observe that since both metrics ρ 0,1 (z) and ρ r (z) have constant curvatures equal to −1, if we denote the Laplacian by
r ∆ log ρ r = −1. Therefore, (19) ∆(log ρ 0,1 − log ρ r ) = ρ at that point, and therefore ρ 0,1 ≥ ρ r throughout the annulus. This completes the proof of the lemma.
From (10) and this lemma we obtain
Therefore to prove the theorem we must show that for ǫ =
z 2 + 2 log r + 2 log |z 2 | + 2 log 1
This is equivalent to showing that V (z 2 ) z 2 + 2 log r + 2 log |z 2 | ≤ ǫ log 1
If |z 2 | < 1, from (9) and Lemma 10, we have
Hence V (z 2 ) z 2 + 2 log r + 2 log |z 2 | ≤ 4 log r.
The constant C = M 1 +2 log r does not depend on δ and
+2 log r+2 log |z 2 | ≤ C for any |z 2 | ≤ R. Thus, putting ǫ = C/ 1 log(1/δ) , we obtain
Applying the same argument at a variable value of c we obtain the following result.
Theorem 9. Suppose 0 < r < 1 and
Proof. Equation (20) follows by the same calculations we have just completed. To prove the second inequality, put s(c) = |z 2 (c) − z 1 (c)| and assume 0 < |c| < 1. Then (20) yields
) − log log( 1
Since log x is increasing,
Putting s = s(0) and α = 1−|c| 1+|c| , we wish to show that
This is equivalent to showing that
Since 0 < α < 1 and since we may assume s < e −1 , by using the inequality e x − 1 ≤ xe x0 for 0 ≤ x ≤ x 0 , we see that it suffices to choose C so that
The idea for the proof of Theorem 9 is suggested but not worked out in [18] .
Kobayashi's metrics
Suppose N is a connected complex manifold over a complex Banach space. Let H = H(∆, N ) be the space of all holomorphic maps from ∆ into N . For p and q in N , let
where r is the infimum of the nonnegative numbers s for which there exists f ∈ H such that f (0) = p and f (s) = q. If no such f ∈ H exists, then
where the infimum is taken over all chains of points
In general, it is possible that d K is identically equal to 0, which is the case for example if N = C.
Another way to describe d K is the following. Let the Poincaré metric on the unit disk ∆ be given by
Then d K is the largest pseudo metric on N such that
for all z and w ∈ ∆ and for all holomorphic maps f from ∆ into N . The following is a consequence of this property. 
Lemma 11. Suppose B is a complex Banach space with norm || · ||. Let N be the unit ball of B and let d K be the Kobayashi's metric on N . Then
Proof. Pick a point v in N . The linear function f (c) = cv/||v|| maps the unit disk ∆ into the unit ball N , and takes ||v|| into v, and 0 into 0. Therefore
where ρ ∆ is the Kobayashi's metric on ∆ (it coincides with the Poincaré metric on ∆). On the other hand, by the Hahn-Banach theorem, there exists a continuous linear function L on N such that L(v) = ||v|| and ||L|| = 1. Thus, L maps N into the unit disk ∆, and so
Therefore,
Teichmüller's and Kobayashi's metrics on T (R).
Assume R is a Riemann surface conformal to ∆/Γ where Γ is a discontinuous, fixed point free group of hyperbolic isometries of ∆. Let M = M(Γ) be the unit ball of the complex Banach space of all L ∞ functions defined on ∆ satisfying the Γ-invariance property:
for all z in ∆ and all γ in Γ. An element µ ∈ M is called a Beltrami coefficient on R. Points of the Teichmüller space T = T (R) are represented by equivalence classes of Beltrami coefficients µ ∈ M. Two Beltrami coefficients µ, ν ∈ M are in the same Teichmüller equivalence class if the quasiconformal self maps f µ and f ν which preserve ∆ and which are normalized to fix 0, i and −1 on the boundary of the unit disk coincide at all boundary points of the unit disk. 
Definition 2 (Teichmüller's metric). For two elements [µ] and [ν] of T (R), Teichmüller's metric is equal to
] is biholomorphic, so it is an isometry in Kobayashi's metric. We also know that it is an isometry in Teichmuller's metric. Therefore, the inequality 
We assume Γ is a Fuchsian covering group such that ∆/Γ is conformal to R. For any Beltrami differential µ supported on ∆, we let w µ be the quasiconformal self-mapping of C which fixes 1, i and −1 and which has Beltrami coefficient µ in ∆ and Beltrami coefficient identically equal to zero in ∆ c . Let w µ restricted to ∆ c be equal to the Riemann mapping g µ . Then g µ has the following properties: a) g µ fixes the points 1, i and −1,
is equal to a Möbius transformationγ, for all γ in Γ, and e) g µ determines and is determined uniquely by the corresponding point in T (R). The Bers' embedding maps the Teichmüller equivalence class of µ to the Schwarzian derivative of g µ where the Schwarzian derivative of a C 3 function g is defined by
In the next section we use this realization of the complex structures to prove that d T ≤ d K .
The Lifting Problem
Let Φ be the natural map from the space M of Beltrami differentials on R onto T (R) and let f be a holomorphic map from the unit disk into T (R) with f (0) equal to the base point of T (R). The lifting problem is the problem of finding a holomorphic mapf from ∆ into M, such thatf (0) = 0 and Φ •f = f .
In this section we prove the theorem of Earle, Kra and Krushkal [12] which says that the lifting problem always has a solution. We follow their technique which relies on proving an equivariant version of Slodkowski's extension theorem and then going on to show that the positive solution to the lifting problem implies d T ≤ d K for every Riemann surface that has a nontrivial Teichmüller space with complex structure. holds for γ ∈ Γ, c ∈ ∆ and z ∈ C.
Proof. Observe thatγ c is uniquely determined for all c ∈ ∆ because ∆ c contains more than two points. To extend h(c, z) to ∆, start with an point w ∈ ∆. By Theorem 1, the motion h(c, z) can be extended to a holomorphic motion (still denote it as h(c, z)) of the closed set ∆ c ∪ {w}. Furthermore, we may extend it to the orbit of w using the Γ-invariant property: , w) ), for all γ ∈ Γ. Since every γ ∈ Γ is fixed point free on ∆, the motion h(c, z) is well defined and satisfies the Γ-invariant property for all c ∈ ∆ and all z in the set
So we only need to show that h(c, z) is a holomorphic motion of E. Observe first that h(0, z) = z sinceγ 0 = γ for all γ ∈ Γ. To show h(c, z) is injective for all fixed c ∈ ∆, suppose h(c, z 1 ) = h(c, z 2 ) for some c ∈ ∆. Since h(c, z) is injective on ∆ c ∪ {w}, we may assume that z 1 = g(w) for some g ∈ Γ. By Γ-invariant property,
and we conclude that z 2 belongs to the Γ-orbit of w. Let z 2 = β(w) for some β ∈ Γ. Then h(c, w) =γ c (h(c, w)), where γ = g −1 • β. Therefore h(c, w) is a fixed point ofγ c . On the other hand, since γ is a hyperbolic Möbius transformation,γ c is also hyperbolic, so unlessγ c is identity, it can only fix points on the set h(c, ∂∆)). Hence γ is the identity map and z 1 = z 2 .
Finally, we will show that l : c → h(c, z) is holomorphic for any fixed z ∈ E. we may assume z = g(w), g ∈ Γ \ {identity}. Then l(c) = h(c, g(w)) =g c (h(c, w) ). Since c → h(c, w) is holomorphic andg c is a Möbius transformation, it is enough to prove the map k : c →g c (ζ) is holomorphic for any fixed ζ. Applying the Γ-invariant property to the three points 0, 1, ∞, we obtaiñ
The right-hand sides of these three equations are holomorphic, so the maps c → g c (0), c →g c (1) and c →g c (∞) are holomorphic. Sinceg c is a Möbius transformation, k : c →g c (ζ) is holomorphic.
Therefore, we have extended h(c, z) to a holomorphic motion of ∆ c ∪ {the Γ orbit of z}.
By repeating this extension process to a countable set of points whose Γ orbits are dense in ∆, we obtain the extension H(c, z) of h(c, z) with the property that
for all γ ∈ Γ, c ∈ ∆ and z ∈ C.
This equivariant version of Slodkowski's extension theorem leads almost immediately to the following lifting theorem. Proof. By using the translation mapping α of the Teichmüller space given by
we may assume f (0) = 0. For each c ∈ ∆, let g(c, ·) be a meromorphic function whose Schwarzian derivative is f (c). Then on C \ ∆ the map g(c, ·) is injective, and we can specify g(c, ·) uniquely by requiring that it fix 1, i and −1. Thus g(0, z) = z.
It is easy to verify that
is a holomorphic motion. For every γ ∈ Γ and c ∈ ∆, there exists a Möbius transformationγ c such that
Using the equivalent version of Slodkowski's extension theorem, we extend g to a Γ-invariant holomorphic motion (still denote it as g) of C. For each c ∈ ∆, letf (c) be the complex dilatationf
Then 
Proof. From Lemma 11, for any ν ∈ M,
Observe the function defined by
Theorem 12 ([28] , [16] , [17] Proof. In Lemma 12 we already showed that d K ≤ d T , So we only need to prove
Choose a holomorphic map f : ∆ → T (R) so that f (0) = 0 and f (c) = [µ] for some c ∈ ∆. Then the lifting theorem implies there exists a holomorphic map f : ∆ → M so that
By Lemma 13 and definition of Teichmüller metric,
Taking the infimum over all such f , we have
holomorphic motions and the Fatou linearization theorem.
In this section we apply holomorphic motions to the Fatou linearization theorem, [20, §3] . For more applications of holomorphic motions to complex dynamics, we refer the reader to [20] , [21] and [22] . 10.1. Parabolic germs. Suppose f (z) is a parabolic germ at 0. This means that after a change of coordinates, there is a constant 0 < r 0 < 1/2 such that f (z) is defined in the disk ∆ r0 and is conformal with the Taylor expansion f (z) = e 2πpi q z + higher order terms, (p, q) = 1.
We also assume f m ≡ id for all m > 0, and this assumption implies (see [27] )
where n is a multiple of q and ǫ(z) is given be a convergent power series of the form
Suppose 0 < r < r 0 . A simply connected open set P ⊂ ∆ r ∩ f q (∆ r ) satisfying f q (P) ⊂ P and 0 ∈ P is called an attracting petal for f if (f q ) m (z) for z ∈ P converges uniformly to 0 as m → ∞. An attracting petal P ′ for f −1 is called a repelling petal. The Leau-Fatou flower theorem [13, 14, 15, 23] says that there exist n attracting petals {P i } n−1 i=0 and n repelling petals {P is a neighborhood of 0. For an exposition of this result see [7] or [27] .
Fatou linearization.
For each attracting petal P = P i , consider the change of coordinate on P:
Suppose the image of P by φ is the right half-plane R τ = {w ∈ C | ℜw > τ }. For an exposition of this result see [7] or [27] . Here, we give an alternative exposition based on holomorphic motions . 10.3. Construction of a holomorphic motion. For any x ≥ τ , consider the vertical lines with infinity attached E 0,x = {w ∈ C | ℜw = x} and E 1,x = {w ∈ C | ℜw = x + 1}
and let E x be the set E 0,x ∪ E 1,x .
Define H x (w) : E x →Ĉ by H x (w) = w, w ∈ E 0,x ; w + η This completes the proof of Theorem 13.
